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Abstract— This letter investigates channel estimation for
ultra-massive multiple-input multiple-output (MIMO) commu-
nications. We propose a joint low-rank and sparse Bayesian
estimation (LRSBE) algorithm for spatial non-stationary ultra-
massive channels by exploiting the low-rankness and sparsity
in the beam domain. Specifically, the channel estimation inte-
grates sparse Bayesian learning and soft-threshold gradient
descent within the expectation-maximization framework. Sim-
ulation results show that the proposed algorithm significantly
outperforms the state-of-the-art alternatives under different
signal-to-noise ratio conditions in terms of estimation accuracy
and overall complexity.

Index Terms— Ultra-massive MIMO, channel estimation, beam
domain, Bayesian learning, low-rank, sparse optimization.

I. INTRODUCTION

MPLOYING a large number of antennas significantly

improves the spectral and energy efficiencies of sixth-
generation (6G) wireless communications with enhanced
beamforming gain and spatial interference suppression capa-
bility [1], [2]. However, having such large channel dimensions
poses a critical channel estimation challenge. This issue is
further aggravated by the spatial non-stationary phenomenon
of ultra-massive multiple-input multiple-output (MIMO) chan-
nels and becomes more prominent in the near-field region [3].
Conventional least squares and minimum mean-square-error
(MSE) algorithms are ill-suited for such scenarios, as they
fail to exploit channel’s structural properties, i.e., low-rankness
and sparsity [4]. Consequently, these methods cannot achieve
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a satisfactory trade-off between estimation accuracy and com-
putational complexity.

Compressive sensing (CS)-based channel estimation is
well-attended by leveraging the channel sparsity and recov-
ering the channel from limited measurements through a small
number of samples. CS algorithms can be classified into
three categories: convex optimization [5], greedy [6], and
Bayesian algorithms [7], [8], emphasizing estimation accu-
racy, efficiency, and robustness, respectively. The low-rank
matrix recovery-based channel estimation algorithms utilize
the channel low-rankness, which means the channel matrix has
a small rank. Among these, nuclear norm minimization-based
approaches lead to a satisfactory estimation solution by
transforming the rank minimization problem into the con-
vex nuclear norm minimization [9]. Tensor decomposition
approaches capture structural information about the higher
dimensions of the channel through tensor representations [10],
[11]. However, estimation based on sole channel low-rankness
or sparsity is suboptimal, and thus, a joint design is needed to
further improve channel estimation performance.

Beam domain channel estimation is promising since the
ultra-massive MIMO channel’s low-rankness and sparsity are
both observable in the beam domain, where signal ener-
gies are concentrated in specific beam directions due to
the typically limited signal propagation paths [12]. In [13],
a two-stage channel estimation algorithm was proposed by
exploiting both low-rankness and sparsity but in a separate
way. Though the method can improve the estimation accuracy
to some extent, it failed to address the joint optimization,
causing a possible error propagation across the two stages.
To this end, [4] performed directions-of-arrival (DoA) track-
ing by Bayesian inference, assuming that stationary paths
are low-rank and time-varying paths are sparse. Neverthe-
less, the modeling assumptions are relatively simple, and the
adopted DoA tracking approach in the space domain cannot
be directly applied to channel estimation due to the inhibited
complexity.

To fill the research gaps, this letter proposes a high-accuracy
joint low-rank and sparse Bayesian estimation (LRSBE)
algorithm for ultra-massive MIMO channels. The main con-
tributions are summarized as follows:

o We propose to decompose the beam domain channel into
independent low-rank and sparse components based on
the visibility across the antenna array.

e We formulate a joint low-rank and sparse recovery
problem for channel estimation optimization and solve
it through Bayesian learning within the expectation-
maximization (EM) framework.

o The proposed algorithm is compared with state-of-the-art
alternatives for validation of effectiveness and efficiency.
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The rest of this letter is organized as follows. Section II
introduces the beam domain channel model and analyzes its
characteristics. In Section III, the proposed LRSBE algorithm
is described in detail. Section IV provides simulation results
and analysis. Finally, conclusions are drawn in Section V.

II. SYSTEM MODEL

Let us consider K single-antenna mobile terminals (MTs)
and a base station (BS) equipped with a large uniform planar
array comprising M = My, x M, half-wavelength-spaced anten-
nas, where M, and M, are the numbers of antennas in the
horizontal and vertical directions, respectively. We consider the
block fading model and let hy, = vec (H},) € CM denote beam
domain channel transfer function between MT k and the BS in
a specific coherence block, where vec(-) denotes vectorization.
The beam domain channel matrix H;, € CM»*Mv is given by

H, = U'H, U, ¢))

where H;, € CM»*Mv s the corresponding space domain
channel matrix resulting from the 6G pervasive channel model
(6GPCM) [14], by which the spatial non-stationarity of ultra-
massive MIMO can be characterized by dividing the clusters
into partially visible and wholly visible parts [15]. More
details will be elaborated later in this section. Matrices Uh e
CMhxMh and Uv e CMYXMY are horizontal and vertical dis-
crete Fourier transform-based (DFT) beamforming matrices,
respectively.

The space domain ultra-massive MIMO channel matrix Hk
and its beam domain representative Hk are both low-rank
by having limited scattering clusters and strong spatial cor-
relation, while only the latter is sparse due to the focusing
effect of DFT in (1). Fig. 1 quantitatively exhibits the channel
low-rankness and sparsity in both the beam and space domains
by showing the distributions of the singular values of the
channel matrices and the amplitude of channel elements.
In Fig. 1(a), most of the information is carried by a few
singular values, and the low-rankness is evident in both the
beam and space domains by having 5 dominant singular values
constituting 90% of the energy. As for the channel sparsity
illustrated in Fig. 1(b), channel elements are non-negligible in
the space domain, and the beam domain channels consist of
a few dominant elements with the remaining elements very
close to zero. According to the above observations, we can
rewrite the beam domain channel Hk as

H;, = H}; + H} )

where H} € CMuxMv and HY € CM»*Mv are Jow-rank
and sparse components, respectively. One physical realization
of (2) is the channel decomposition according to the visibility
across a huge BS antenna array [15, Eq. (29)]. In this case,
HI,; and H% coincide with the partially visible component
and wholly visible component representing the clusters of Hy,
seen by a subset of antennas and all antennas, respectively.
This comes from the fact that the channel constructed by
the wholly visible component consists of paths in the major
few beam directions and thus exhibits a strong sparsity. The
channel composed of the partially visible component, on the
other hand, has a relatively slow amplitude change due to
the presence of scatterers, and the main fluctuations are
concentrated in a few columns of the channel matrix, which
exhibits a strong low-rankness.
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Fig. 1. Tllustration of (a) low-rankness and (b) sparsity of the space domain
and beam domain channels (M = 1024).

IITI. JOINT LOW-RANK AND SPARSE CHANNEL
ESTIMATION

A. Joint Optimization Problem Formulation

Leth=[h{,... h}]T € CME denote the collective channel
and x;, € C" represent the pilot sequence transmitted the kth
MT in the uplink. Here, N < K is the number of orthogonal
pilot sequences. It is worth noting that the so-called pilot
contamination deteriorating the coherent transmission could
occur in this case, due to the pilot reuse among the MTs.
By leveraging the sparsity of the channel, a reduced number
of pilots can be designed to alleviated the impact of pilot
contamination, which will be further investigated in the future
work. The received signal at BS is given by [7]

y=Ah+n
=A (h® +h") + neCcMV (3)
where A = [x1,...,xx] ® Ijy € CMNXME g the prior
measurement matrix, h® = [(hf)T,... (h%)T]T with h{ =

vec(H}), h = [(hD)T,... (h%)T]T with ht = vec(HY),
and n ~ N¢(0,0%Ipn) is the receiver noise with power o2.

The relationship between the prior distribution P(h), the
posterior distribution P(h | y), and the likelihood function

P(y | h) of channel h can be expressed as
P(h|y)P(y) = P(y | h)P(h) )

according to Bayes’ theorem, where the likelihood P(y | h) =
P(y | h® +h") describes the distribution of y for a given h =
hS + h". Since the noise in the system is complex Gaussian,
its distribution is

1 |3
P(n) = WGXP <—022> &)

where |[-||, stands for the fy-norm of the vector. Therefore,
the likelihood function also follows the complex Gaussian
distribution, i.e.,

P(y | h) = P(y | h® + h")

1 (_uy—A<hS+hL>||§>_ o

)MN €Xp o2

(ro?

In order to reflect the sparsity and low-rankness while main-

taining mathematical solvability, we model the prior distri-

butions using complex Gaussian distributions with adjustable

variances [4], [7]. The prior distributions of h® and h" are
given by

P(h®) = Ng (0,0 'Tyk)
P(h") = N (0,8 'Tyk) (7
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where o and (3 are hyperparameters controlling the levels of
sparsity and low-rankness, respectively. As « and (3 increase,
the variances decrease and more elements are concentrated
around zero, resulting in stronger sparsity and low-rankness.

The posterior distribution P(hl|y) is derived through
Bayesian learning based on the prior distribution and like-
lihood function [7]. Assuming that channel multi-paths are
independent regarding phase, delay, and amplitude without
coupling or interference, h® and h" can be considered mutu-
ally independent. Substituting (6) and (7) into (4), the posterior
distribution of h can be expressed as

P(h|y)=P(h°h"|y)
x P(y | h)P(h%)P(h")

—A(BS+hY)|?
o<exp<||y (2+ )Hz
g

aHhSHEﬂHhLHE)- ®

The optimal estimate of h can be obtained by maximizing
the posterior distribution presented in (8). Since the posterior
distribution is a monotonically increasing exponential func-
tion, by removing the negative sign and neglecting the constant
terms, we can estimate h by solving

P1: min Hy A(hs+hL) 2—|—aHhS

min 15 + /3 Rank (H")

©))
where HY = [H},... H%] is the low-rank component of
the collective channel matrix with h* = vec (H"). Moreover,
|I-/[, and Rank(-) represent the fy-norm of the vector and
rank of the matrix, respectively. The first term in (9) is the
data fitting term in (8), representing the estimation error.
The second and third terms are the sparse penalty term and
the low-rank penalty term, respectively. We minimize the
estimation error while simultaneously promoting sparsity and
low-rankness through the corresponding penalty terms. This
unconstrained formulation is equivalent to the Lagrangian
form of a constrained problem that imposes explicit bounds
on the sparsity and rank. Furthermore, in order to ensure the
convexity of the problem, ¢;-norm is introduced to constrain
the sparsity and the nuclear norm is used as a convex approxi-
mation of the rank function [16]. As a result, we formulate the
process of estimating the beam domain channel h as a joint
low-rank and sparse recovery problem P2, which is given by

Py i Iy~ A (05408 2o ] 4o B2 10

lo

where |- H 1 is the ¢;-norm of the vector and ||-||, is the nuclear
norm of the matrix.

B. EM Framework for Iterative Updating

Since (10) contains non-smooth ¢;-norm and the hyperpa-
rameters « and 3 need to be dynamically updated according
to the current estimation results, we employ the EM frame-
work [7], which is particularly suitable for probabilistic models
containing hidden or unobserved variables, to solve the for-
mulated problem P2. Within the EM framework, hS and ht,
which is equivalent to HY, are treated as hidden variables and
« and § as model parameters.

1) E-Step: This step calculates posterior expectations of h®
and h" with fixed hyperparameters. The nuclear norm and
{1-norm terms make (10) difficult to be directly optimized.

IEEE COMMUNICATIONS LETTERS, VOL. 30, 2026

Algorithm 1 The LRSBE Algorithm

Input: y € CMN | A € CMNXMEK ' maximum allowed itera-
tions ().
Output: h € CMK,

1: Initialization: i =1, h$ =0, hF =0, a =1, § =1

2: while i < Q do

3 Update r° =y — Ahk;

4:  Calculate p and X through (12) and (13);
5 Calculate T and C through (14) and (15);
6:  Update flisﬂ = ;
7
8
9

Update r* =y — Aflls+1;
Update flL ‘1 through (18) and (19);
: Limit the number of singular values through (20);
10.  Combine estimation result h;,; = hz 1+ hl ‘15
11:  Update o and 3 through (22);

122 if |hyp1 — hylla/|/hilla < 1074 then

13: break;
14:  end if

150 1+ 1+ 1;
16: end while

return h = flf’ + fl}

To this end, we propose a stepwise optimization approach that
constrains the low-rankness and sparsity separately.
Considering that the channel sparse component exhibits
block sparsity structure [17], h® can be processed in blocks.
Let h8=[(h51)",... (hSG)T]T, where G is the number of
blocks, L is the length of the single block, and hSk is the
kth block. The block length is designed based on the antenna
dimension. Fixing h', the optimal h® is achieved by solving
Ps: ?ﬁlsn Hr —Akh H2—|—azk . ‘hsﬂl (11)
where rS = y— Ah" denotes the sparse residual of the channel
and A;, € CMNXL g an extracted measurement matrix in
which the columns are associated with the kth block. Utilizing
the block sparse Bayesian learning [8], the posterior mean and
covariance of h® are

p=TAYATAY 4 5%1)"1r8
> =T —-TAY(ATA" 4+ 5°T)'AT (13)
where T' = diag(y1Cq,...,7¢C¢) represents the block
covariance matrix, with Cj; and 7 being the correlation
matrix and weight of h%, respectively. Since assigning each

block with an exclusive Cj, easily leads to overfitting [7], the
correlation matrices are set to be identical. We have

G Ek-l‘MkMk
Ck_C_GZ vk

(12)

(14)

1 B 1
=T tr(C™H(Zg + ,Ukﬂk)) Tra (15)

Since the block sparsity is susceptible to noise, L is set to be a
variable to achieve adaptive adjustment for different scenarios.

The low-rank component h¥ can be obtained by solving
Ps: min |[t% — AR|; + g|/HY|, (16)
hL

where r" =y — Ah® represents the low-rank residual of the
channel. To minimize the first term of (16), its gradient is
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Fig. 2. Comparison of average NMSEs versus SNR for different algorithms
(M =256, N = 5).

calculated as
Vi ([~ ABE[3) = ~A™ (" — ABF). (7)

Derived by the gradient descent formula, the initial estimates
for the 7th iteration is

Wi, =ht+ %AH (r* — Ah}) (18)
where T = Apax (AMA) is the step length, set to be the
maximum eigenvalue of AHA to ensure convergence.

To minimize the regularization term (3 HHLH* at the same
time, we utilize a soft-thresholding operation [5] to impose a
regularization constraint, i.e.,

. L L
hIIS,iH =sign(h'y ;) - max(0, |1y 11| —7) (19)

where sign (-) is the sign function, hI,;z 4 and A/ kz 1 Tepresent
the kth elements of h” and h’" obtained in the ith iteration,
respectively. The threshold 7= % controls the level of low-
rankness. As the low-rank parameter (3 increases, more entries
of h! are “compressed” to zero.

After performing singular value decomposition on HY,

we apply soft thresholding to the singular values as
(20)

As a result, the small singular values are removed.

2) M-Step: Based on the current estimations of hS and h",
the M-step adjusts the hyperparameters « and 3 by maxi-
mizing the likelihood functions, thus dynamically adapting to
different channel conditions. The log-likelihood functions of
hS and h"™ with respect to o and 3 are

log P (hs) =—«a HhSHz + MK log «
log P (h") = 4 ||h"||2 + MK log 5. @1
Considering the posterior expectations of h® and hl, we have
MK
o=
[y = A (BS + U5+ 2 3, (1 0k)
MK
B = T sy
b5 + tr(37)
where 0), = (,u%)2 /%3, represents the posterior weight for the
kth entry of h®, in which u% and Z% «,_are posterior mean and

covariance of the kth component of h®, respectively. Besides,
>  denotes the posterior covariance of h'.

(22)
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This algorithm handles low-rankness and sparsity with
nuclear norm and ¢;-norm regularization, respectively. The
procedure is summarized in Algorithm 1.

IV. SIMULATION RESULTS

An ultra-massive MIMO system consisting of K = 10
MTs is considered in an urban microcell scenario where
the BS is equipped with M antennas, M € {16 x 16 =
256,32 x 32 = 1024}. The system operates at a carrier
frequency of 11 GHz and the channel is generated accord-
ing to [15]. The simulations are performed in MATLAB
R2023b on a computer with Intel Core i7-12700 CPU @
2.1 GHz and 16 GB of RAM. We conduct a comparative
analysis to evaluate the performance of our proposed LRSBE
algorithm. The analysis involves four representative compar-
ative algorithms, which cover three categories of the CS
algorithm. Specifically, the comparative algorithms selected
include the greedy algorithm orthogonal matching pursuit
(OMP) [6], the convex optimization-based iterative shrinkage-
threshold algorithm (ISTA) [5], the sparse Bayesian learning
estimation (SBE) algorithm [7], and our previously proposed
block SBE (BSBE) algorithm [8]. The normalized MSE
(NMSE) + 3"k = 1"E{||hk — hk||22/||hk||22} is employed
to evaluate the estimation accuracy.

Fig. 2 demonstrates that the proposed LRSBE outperforms
other algorithms regarding NMSE under different signal-to-
noise ratio (SNR) conditions. Since greedy algorithms are
vulnerable to noise, OMP performs relatively unsatisfactorily
under low SNR. In contrast, SBE has lower NMSE due to
the self-inflicted prior assumption, with BSBE improving the
estimation accuracy by further utilizing the block structure of
channels. By using ¢1-norm regularization, ISTA can suppress
the effect of noise so that its accuracy is even better than
BSBE but encounters a bottleneck due to a fixed soft threshold.
However, these algorithms only utilize the channel sparsity
while ignoring the channel low-rankness in the low SNR
region that can be exploited to overcome the influence of noise.
By integrating the low-rankness and sparsity simultaneously,
the proposed LRSBE further exploits the block sparsity of the
channel after 5 dB, thus significantly improves the estimation
accuracy with a 3 dB (=~ 50%) NMSE reduction compared to
the best benchmark ISTA when SNR = —15 dB and a 1 dB
(= 20%) reduction compared to the best benchmark BSBE
when SNR = 15 dB.

Moreover, Fig. 3 and Fig. 4 evaluate the NMSE of
the proposed LRSBE with the greedy algorithm OMP and

Authorized licensed use limited to: Southeast University. Downloaded on December 18,2025 at 01:05:03 UTC from IEEE Xplore. Restrictions apply.
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TABLE 1

AVERAGE RUNTIME OF THE CONSIDERED ALGORITHMS TO MEET
NMSE =5-10"1 (M = 256, N = 5, AND SNR = 10 dB)

Scheme OMP ISTA SBE BSBE | LRSBE
Iteration numbers | 601 43 14 36 5
Runtime (s) 108.482 | 13.823 | 54.392|229.173| 23.965

convex-based algorithm ISTA, varying the number of pilots
and antenna dimensions. Fig. 3(a), (b), and (c) display the
cumulative distribution functions (CDFs) of NMSEs with
three combinations of numbers of pilots and antenna dimen-
sions, revealing that the estimation accuracy is improved
by equipping with more antennas and utilizing more pilots.
Quantitatively, Fig. 4 demonstrates the average NMSEs of the
aforementioned three cases. Compared to the LRSBE with
M = 256 and N = 5, the LRSBE with M = 1024 and
N =5 enjoys an almost 2 dB reduction of average NMSE
through increasing the size of the antenna array. Moreover,
increasing the number of pilots from 5 to 10 leads to a further
2 dB reduction in average NMSE, effectively mitigating pilot
contamination when M = 256.

In terms of the complexity per iteration of the proposed
LRSBE, it is concentrated on the posterior mean and covari-
ance operations, where the inversion makes the single iteration
complexity O(M?), which is the same as the SBE and
BSBE [7], [8]. The complexity of the OMP and ISTA is
O(MN) [5], [6]. Fortunately, the fast convergence of the
proposed LRSBE ensures low overall complexity with only
a few iterations, whereas the high estimation accuracy of the
BSBE is achieved at the expense of high overall complexity.
This is clearly reflected in Table I, which presents the average
runtime and number of iterations required to meet the specified
performance criteria. Here, the value of SNR is set to be
10 dB, which can ensure a stable connectivity of wireless
communications. Meanwhile, to comprehensively measure the
complexity of all algorithms, we adopt a precision requirement
of 5-10~1. As shown in Table I, the average iteration times of
the proposed LRSBE is reduced by more than 80% compared
to the BSBE, which leads to a 90% reduction of complexity.
Despite the slight decrease in complexity of ISTA compared
to the LRSBE, the estimation accuracy is much lower than
that of LRSBE.

V. CONCLUSION

In this letter, we have proposed a LRSBE algorithm for
channel estimation in ultra-massive MIMO systems. We have

IEEE COMMUNICATIONS LETTERS, VOL. 30, 2026

formulated a joint low-rank and sparse recovery problem and
solved it through Bayesian learning within the EM framework,
where the beam domain channel is decomposed into inde-
pendent low-rank and sparse components. Simulation results
have exhibited significant accuracy advantages of the proposed
LRSBE algorithm compared to state-of-the-art alternatives,
thanks to the exploitations of channel low-rankness and spar-
sity at low and high SNR regions, respectively. In addition, the
complexity of the LRSBE is dramatically reduced compared
to other high-precision channel estimation algorithms.
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